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Introduction & motivations

• Poisson regression is a popular method for modelling an outcome in 

the form of a discrete integer count, even if data 

over/underdispersed (robustness results)
▪ It’s also increasingly popular for modelling non-negative outcomes, 

especially with zeros: Poisson Pseudo-Maximum Likelihood (PPML)
− E.g. trade flows: Santos-Silva & Tenreyro, ‘The log of gravity’, REStat, 2006

• But what if you have data on 2 outcomes, each a discrete count, 
for the same observation units?
▪ E.g., (1) number of hospital visits per year by an individual, and (2) 

number of visits per year to a doctor by the same individual

▪ You might expect there to be a non-zero correlation between the two 
outcomes − how large is it? … even after adjusting using covariates …

▪ Answering the question requires a bivariate model in which dependence 
is modelled
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Introduction & motivations (2)
Bivariate count data regression models with dependence are of 2 types:

1. Copula approach
▪ Stata implementation of several models: bivcnto by Xu & Hardin (SJ, 2016, ‘XH’)

2. Correlated latent factor (RE) approach
▪ One bivcnto option fits the Marshall-Olkin (1985) negbin model: 2 count outcomes with a 

common random effect (2 Poissons + 1 Gamma RE), i.e., correlation = 1

▪ This presentation is about bimpoisson, our new command for fitting 2 count outcomes in 
which the linear indices of predictors include a bivariate normal RE, thereby introducing 
over-dispersion

− The model we implement is that of Munkin and Trivedi (Econometrics Journal, 1999, ‘MT’) employing 
optional first-order bias correction, antithetic acceleration, and with 2 types of Maximum Simulated 
Likelihood (MSL) estimator:

a) ‘sampling function’ MSL approach for case when || close to 1 (default, as in MT) 

b) Standard MSL estimator

− We extend MT: allow Halton draws as well as standard uniform draws as in Jumamyradov & Munkin 
(J Econometric Methods, 2022, ‘JM’; Matlab; discovered after we began our project)

− We extend MT: use a bivariate normal sampling function as per JM (MT use standard bivariate 
normal)

• We’re extending the portfolio of estimators available to Stata users

▪ Not claiming that the MT model is the ‘best’ approach; that depends on research goals and context
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Why MSL?

• Bivariate model for 2 binary outcomes as in biprobit
▪ Outcomes each modelled as linear indices of bivariate normal RE

▪ You can write the log-likelihood as a closed form expression

▪ So, you don’t need MSL; standard ML is fine

• Bivariate model for 2 integer count outcomes
▪ Outcomes are non-linear functions of predictors including the bivariate normal RE

▪ You can’t write the log-likelihood as a closed form expression

▪ So, you do need MSL

▪ But we do ‘borrow’ a lot of syntax parsing code and help-file structure from biprobit

• MSL classics: Gouriéroux & Monfort (1997) and Train (2003), plus textbook discussions by 
chapters in, e.g., Greene and Cameron & Trivedi 

• MSL in Stata: from mvprobit (Cappellari & Jenkins, SJ 2003) onwards, especially special 
issue of SJ 2006 with multiple papers on, e.g., Halton draws, GHK simulator, and 
implementations of MSL in various types of regression model; several SJ articles since

• MSL is tricky to implement for the MT model with sampling function approach, we found!
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Outline
• This talk is based on a paper currently R&R at the SJ, with preprint available as IZA 

Discussion Paper 18606; program and example dta- and do-files via ssc d bimpoisson

• Outline of the paper, also this talk:

1. Introduction (done)

2. MT’s bivariate mixed Poisson regression model, and its estimation by MSL

3. Introduction to bimpoisson, including estimation and post-estimation options

4. Statistical performance of the estimators: our Monte Carlo analysis and review of results of 

earlier MC research by MT and JM

5. Two empirical applications to datasets previously used 

a) XH data: middle-range 

b) MT data: very high 

6. Conclusions

• We provide guidance to users about empirical implementation choices such as type of MSL 

estimator, and type and number of draws, based on MC analysis and examples
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MT’s bivariate mixed Poisson 

regression model
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MT model

For each obs:

Count variables y1, y2; vectors of observed predictors x1, x2; 

unobserved REs 1, 2

yj | xj, j ~ Poisson(j), j > 0, j = 1, 2

where 

j = exp(xj j + j)

(1, 2) ~ 𝑁 0,0 , 𝜎1
2, 𝜎2

2, 𝜌  with 0  ||  1

• Pr(y1, y2| x1, x2) doesn’t have closed form; hence use of MSL
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MT model estimation by MSL
• Exploit Cholesky decomposition so that can sample from standard normal distribution

• Standard MSL sample log-likelihood is (MT eq. 11)

where i = 1, …, N indexes observations; S = # draws

• Maximization of this expression produces estimates asymptotically equivalent to exact ML 

estimates if S, N →  with sqrt(N/S) → 0

▪ Implement standard MSL estimator using bimpoisson’s alt option

• Caveat: if || very close to 1, then log-likelihood 1st and 2nd derivatives w.r.t.  are unbounded 

 you may get unreliable or infeasible estimates using standard MSL
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MT: MSL using sampling function (SF) approach
• Sampling function (~ importance sampling) approach to address unboundedness problem

• Desirable properties of sampling function g(.,.) (MT, p. 34):
▪ Easy to take draws from; same support as density f(.,.) and integrates to one; straightforward to calculate the inner sum in 

modified likelihood expression; bounded and smooth in parameters

• Modified sample log-likelihood: 

• MT: nice statistical properties given standard MSL conditions on S, N; but should use vce(robust) 

• MT implement sampling function g(.,.) as bivariate standard normal

• Following JM, we specify g(.,.) as bivariate normal, i.e., unrestricted std. deviations, motivated by wanting to 
address cases in which true std. deviations of REs are > 1
▪ Default MSL method in bimpoisson

• We also allow users to (optionally) set the sampling function correlation at a fixed value with the motivation that 
it makes draws more effective in terms of coverage and thence calculation of underlying double integral of 
bivariate Poisson density
▪ We examine statistical performance using Monte Carlo analysis; not discussed here (see paper)
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Additional tweaks to MSL estimation

• MT propose and justify a first-order bias correction method: use our bias option

• Derivation of bivariate distributions of draws
▪ MT: pseudorandom numbers drawn from standard uniform distribution, also allowing antithetic 

acceleration (induces negative correlated draws for variance reduction)
− bimpoisson: default is uniform draws, with antithetic option (in which case total number of draws = 2S)

▪ JM: Halton draws
− bimpoisson: halton option, also with burn option (default = 5, given use primes 2, 3)

− According to Train (2003, p. 231), “[t]he superior coverage and the negative correlation over observations that are 
obtained with Halton draws combine to make Halton draws far more effective than random [uniform] draws for 
simulation” … but there is a caveat that this may be context dependent

• Number of simulations: default S = 10
▪ Deliberately set very low, e.g., for syntax checking, but should always be larger … much larger, we 

find from our MC analysis and examples (see later)

▪ MT rule of thumb based on their MC analysis: for a sample with N* observations, use 

S = S*sqrt(N*/n)

where S* is # draws that MC analysis suggests yields unbiased parameter estimates 

and n = sample size used in MC analysis (MT’s n = 1000)

• Our recommendation: fit model with some initial S, and then systematically increase S to 
check whether estimates change much

• NB we fit mixture distribution standard deviations in log metric and rho in atanh metric; and 
then transform back to natural metrics for reporting in estimates table and saved results
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bimpoisson

Estimation and post-estimation
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Syntax of bimpoisson (abbreviated)

bimpoisson depvar1 depvar2 [varlist][if][in][weight][,options] 

Options 

• nsim(#)specifies the number of simulations, S 

• antithetic specifies that antithetic draws be 
used

• halton specifies use of Halton draws (default 
is standard uniform pseudorandom draws)

• burn(#)specifies the number of elements 
dropped when creating Halton draws (default is 
5)

• bias specifies that the first-order bias 
correction be used

• seed(#)sets the seed for reproducibility; 
relevant if using standard uniform pseudo-
random draws

• rho_sf(#) sets the sampling function 
correlation, |#| < 1 (default = 0)

• alt specifies use of the standard MSL 
estimator as alternative to the default estimator 
which uses a sampling function

• vce(vcetype) sets the vcetype; robust is 
recommended

• rng0 sets the random number generator state 
back to its pre-estimation value (relevant if 
seed not set and uniform draws are used)

• eform reports exponentiated regression 
coefficients

• display_options

• maximization_options seldom used 
except from()when refitting a model using a 
greater number of draws than an initial model
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bimpoisson Saved Results

In addition to the usual results saved after ml, bimpoisson also saves the following:

Scalars

• e(nsims)number of simulations, S

• e(sigma1)estimate of sigma1

• e(sigma1_se)estimate of SE(sigma1)

• e(sigma2) estimate of sigma2

• e(sigma2_se) estimate of SE(sigma2)

• e(rho) estimate of rho

• e(rho_se) estimate of SE(rho)

• e(antithetic) 1 if antithetic option used, 
0 otherwise

• e(halton)1 if halton option used, 0 
otherwise

• e(burn) value of # set by burn(#)

• e(bias) 1 if bias option used, 0 otherwise

• e(rho_sf) value of # set by rho_sf(#) 
option

• e(rng0)1 if rng0 option used, 0 otherwise

Macros

• e(seed) contains the seed if set; “seed not 
set” otherwise
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Post-estimation calculations
Count frequencies (marginal, joint); Pr(countj = k)

Calculation formulae are in our paper (taken from MT)

predict type newvar if in , statistic nooffset options

Statistics

• xb1 linear prediction for equation 1

• xb2 linear prediction for equation 2

• stdp1 standard error of the linear prediction for equation 1

• stdp2 standard error of the linear prediction for equation 2

• n1 count prediction for equation 1 (with random effect integrated out)

• n2 count prediction for equation 2 (with random effect integrated out)

• pr1(#) predicted prob(outcome 1 = #); # is integer-valued 

• pr2(#) predicted prob(outcome 2 = #); # is integer-valued

• pr12(#1 #2) predicted prob(outcome 1 = #1, outcome 2 = #2); #1, #2 are integer-valued

▪ Predicted probabilities are calculated using simulation; you can choose the number of sims and the 
seed
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Monte Carlo analysis (MT’s design + tweaks)
MT focused on

1. How many (standard uniform) draws − how does statistical performance estimates vary with 
S?

▪ MT’s preferred case: unbiased estimates with S = 50 (plus 50 antithetic draws)
− MT’s results are conditional on their MC design of course (including 1 =  2 = 0.5,  = −0.6, 0.6)

2. First-order bias correction: how much does it help?

▪ A lot − MT recommend using it

3. Antithetic acceleration: how much does it help?

▪ A lot − MT recommend using it with standard uniform draws (‘UA’)

• Model parameters other than  generally unbiased regardless of S

JM used the same DGP as MT, but 

• Halton draws throughout; and a modified sampling function (see above)

• Greater variation in parameter combinations, especially mixture distribution parameters  (1, 
 2, and )

• Emphasise possible biases, especially for ො𝜌 when  < < 0.5 or for 𝜎1, 𝜎2 when 1,  2 >> 1
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Our Monte Carlo analysis

Aims

• To check our code against MT’s published results

• To examine statistical performance for a case with  close to 1

• How does the standard MSL method perform if  not close to 1?

• To compare performance of Halton versus UA draws (standard uniform + antithetics)

• To examine impacts of using larger and larger values of S

Hence, same DGP for non-mixture components as MT (and JM); plus 1 =  2 = 0.5 (as 
MT), and  = 0.9 (close to 1!) as well as  = 0.6 

• DGP: 1000 observations on two predictors x1 and x2 drawn independently from N(0, 
1/16); two REs (1, 2) ~ 𝑁 0,0 , 𝜎1

2, 𝜎2
2, 𝜌 ; two count outcome variables yj ~ 

Poisson(µj) with j = exp(αj + xjj + j); and the true values of the regression 
parameters are taken to be α1 = α2 = β1 = β2 = 1 throughout

• 250 MC reps rather than 100 (MT) or 200 (JM) − less simulation bias

• Reporting: (i) summarize simulation results using simsum (White, SJ 2010); (ii) 
report only ො𝜌 performance as RE variance and regression parameters unbiased 
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Our Monte Carlo analysis of ො𝜌 

Focus on “mean_rho” estimates

Some headlines

• We couldn’t replicate MT’s results: e.g.,  for 

SF, UA, S = 50, MT estimate mean_rho = 

0.607 for  = 0.6 case

• For  = 0.6 , we need at least 200 draws

• Standard MSL (‘Alt’) performs well for  = 0.6 

• Halton draws generally perform well relative 

to UA (and fitting faster since S draws, not 

2S)

• When  = 0.9, we still see a slight downward 

bias with 400 Halton draws 

• All in all, appear to need many more draws 

than MT suggest, and it’s better to use 

Halton draws
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Application (1): XH data

Dataset, outcome and predictor variables exactly the same as 
used by Xu & Hardin (SJ, 2016)

3,874 individuals, 1989 German health registry data on 

number of doctor visits and number of days in hospital per year

and predictor variables (no missing values)

Rho is mid-range
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XH dataset

. use rwm1984.dta, clear

(German health data for 1984; Hardin & Hilbe, GLM and Extensions, 3rd ed)

. correlate docvis hospvis

(obs=3,874)

             | docvis hospvis

-------------+------------------

docvis       | 1.0000

hospvis      | 0.1458 1.0000
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Example output bimpoisson with XH data

Standard MSL (alt), UA draws with S = 
400 (800 in total), seed set, plus bias 
correction, robust standard errors:

. bimpoisson docvis hospvis $xvars, robust nsim(400) bias alt ///

> antithetic seed(13159)

Generating pseudorandom uniform draws ...

Iteration 0: Log pseudolikelihood = -13419.598 (not concave)

Iteration 1: Log pseudolikelihood = -12022.94 (not concave)

Iteration 2: Log pseudolikelihood = -11450.799 (not concave)

Iteration 3: Log pseudolikelihood = -11071.132 (not concave)

Iteration 4: Log pseudolikelihood = -10353.703 (not concave)

Iteration 5: Log pseudolikelihood = -9825.9706 (not concave)

Iteration 6: Log pseudolikelihood = -9726.7421 (not concave)

Iteration 7: Log pseudolikelihood = -9725.1224 (not concave)

Iteration 8: Log pseudolikelihood = -9647.9827 (not concave)

Iteration 9: Log pseudolikelihood = -9614.5337

Iteration 10: Log pseudolikelihood = -9592.4443

Iteration 11: Log pseudolikelihood = -9584.8933

Iteration 12: Log pseudolikelihood = -9583.4684

Iteration 13: Log pseudolikelihood = -9583.3006

Iteration 14: Log pseudolikelihood = -9583.3003
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XH data: vary S and draw type

• Model 1 is as shown on previous slide

• Increasing S substantially does make a 

difference especially to mixture 

parameter ො𝜌 

• But it appears that  not close to 1, 

regardless

• Our preferred specification is Model 4
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bimpoisson postestimation with XH data

quietly {

predict n1, n1

predict n2, n2

predict pr10, pr1(0)

predict pr11, pr1(1)

predict pr12, pr1(2)

predict pr13, pr1(3)

predict pr14, pr1(4)

predict pr15, pr1(5)

predict pr20, pr2(0)

predict pr21, pr2(1)

predict pr22, pr2(2)

predict pr23, pr2(3)

predict pr24, pr2(4)

predict pr25, pr2(5)

predict pr12_00, pr12(0 0)

predict pr12_10, pr12(1 0)

predict pr12_01, pr12(0 1)

predict pr12_11, pr12(1 1)

}

su docvis hospvis

su n1 n2

ta docvis

su pr1? // analogue to MT Table 5

ta hospvis

su pr2? // analogue to MT Table 5

ta docvis hospvis, nokey freq 
cell

su pr12_?? // analogue to MT 
Table 7

Predictions based on Model 4 
estimates (previous table)
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Application (2): MT data

Dataset, outcome and predictor variables exactly the same as used by Munkin & Trivedi 
(Econometrics J, 1999)

4,406 elderly respondents to 1987/88 US National Medical Expenditure Survey with data 
on 

number of emergency room visits and number of hospital stays in reference period

and predictor variables (no missing values)

Rho is large (MT report ො𝜌 = 0.92)
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MT dataset

. use debtrivedi.dta, clear

. correlate emr hosp

(obs=4,406)

             | emr hosp

-------------+------------------

emr          | 1.0000

hosp         | 0.4761 1.0000

Compared to the XH data:

• Larger raw bivariate correlation

• More predictors, including health status ones

• Larger sample size
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MT data: vary S and draw type (H vs. UA)

• Regression parameters not shown (for 
brevity; see paper): don’t vary much for 
different models

• Focus on mixture parameter estimates

• ‘MT’ column: what MT reported

• Model 1: our version of ‘MT’

• Other models switch to Halton draws 
and increase S substantially

• For these specifications, as S increases, 
so does ො𝜌 

• For Model 6, ො𝜌  1!
▪ I.e., morphing into model like a Marshall-

Olkin single common RE model (albeit 
normal RE rather than Gamma)
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bimpoisson postestimation with MT data

• Postestimation code is virtually 

identical to that used in the XH 

data example

• Predictions based on Model 6 

estimates (previous table)

• Correspondences between 

empirical and predicted are 

generally quite close 

• But MT report correspondences 

at least as close for a Marshall-

Olkin model
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Conclusions
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Conclusions

• bimpoisson enlarges the portfolio of models for bivariate count data 
models available to Stata users, coding up MT’s mixture model
▪ Whether to use copula or RE mixture type approach is unclear − former is harder to 

interpret but model fitting is easier (closed form likelihoods) and easier to model 
dependence as function of covariates, if need be (cf., Marra & Radice, 2025)

▪ Heckman-Singer ‘mass point’ approaches to bivariate unobserved heterogeneity are 
another potential avenue for future research

▪ Can bimpoisson be used for modelling dependence in non-negative variables?

−  What are the properties of bivariate PPML (cf. robustness of univariate PPML)? 

• Although MT emphasize their sampling function approach, standard 
MSL works quite well unless  very high

• But do use Halton draws rather than UA: for given S, accuracy at least 
as good but shorter run-times

• It seems that good estimates require more draws than some might 
expect, especially when  is high
▪ And remember to check estimates’ robustness by fitting models with different 

S
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