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Influence functions at work

Introduction

I Illustration of practical uses of ‘influence function’ estimators with
Stata
1. Study structure of some summary statistics of interest—e.g., ‘social

indicators’
I identification of ‘influential observations’
I robustness properties

2. Variance estimation and testing
3. “RIF regression”

I Application to income distribution analysis
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Definition

Let υ(F ) be a statistic of interest (a functional) calculated in distribution
F , e.g. the mean, the median, a percentile, the Gini coefficient of
inequality, a ‘top (income) share’, a correlation or regression coefficient,
etc.

The influence function of υ is a function of y and F and is defined as
(Hampel, 1974)

IF(y ; υ,F ) = lim
ε↓0

υ((1− ε)F + ε∆y )− υ(F )
ε

The IF captures the effect on υ(F ) of an infinitesimal ‘contamination’ of
F at point mass y .
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Definition (ctd.)

Expressions for IF(y ; υ,F ) exist (or can be derived) for a wide range of
statistics υ1:
... simple (linear) statistics, e.g., the mean

IF(y ;µ,F ) = y − µ(F )

... and more complex (non linear) statistics, e.g., a quantile

IF(y ;Qθ,F ) = 1
f (Qθ(F ))(θ − I(y ≤ Qθ(F )))

1See e.g., Essama-Nssah and Lambert (2012) for a catalogue of IFs relevant to
income distribution analysis
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Structure of indicators

Practical use 1

Practical use 1:

I visualising the ‘structure’ of a (possibly complex) index
I comparison of indices (think of the many inequality measures!)
I identification of influential observations (and robustness of the index)
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Income inequality indicators: the Atkinson index

The Atkinson inequality index (Atkinson, 1970):

A(ε) = 1− 1
µ

(
1
N

N∑
i=1

y1−ε
i

) 1
1−ε

for ε ≥ 0
The higher ε, the higher ‘inequality aversion’... Can we visualise that?

IF (y ;A(ε)) = µ
ε

1−ε
ε

(y1−ε − µε)
(ε− 1)µ + µ

1
1−ε
ε

(y − µ)
µ2

(Cowell and Flachaire, 2007)
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Income inequality indicators: the Atkinson index IF
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Income inequality indicators: the Atkinson index IF
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Income inequality indicators: the Atkinson index IF
Changing sensitivity—‘inequality aversion parameters’
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Income inequality indicators: the Atkinson index IF
Changing sensitivity—‘inequality aversion parameters’
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Structure of indicators

Income inequality: other measures
How does it compare with the other possible indicators of inequality:
Quintile (Group) Share Ratio?
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Income inequality: other measures
How does it compare with the other possible indicators of inequality: Gini
coefficient?

Gini
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Structure of indicators

Income inequality: other measures
How does it compare with the other possible indicators of inequality ...

CoV!
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Variance estimation

Practical use 2

Practical use 2:

I estimation of the sampling variance of the index
I asymptotic approximation that works with complex non-linear

statistics
I works seamlessly with complex survey design!
I ... it is all in the Stata manuals already
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Variance estimation

An asymptotic approximation of the variance of υ is given by (Hampel,
1974)

V (υ,F ) ≈
∫

IF(y ; υ,F )2dF (y)

Practically boils down to estimation of a total (Deville, 1999):

V (υ̂,F ) ≈ V
( N∑

i=1
wi IF(yi ; υ, F̂ )

)

... and formula well-known for the variance of a total even with complex
survey design: implemented in Stata!
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Variance estimation
Code template

svyset ...

generate rif= ... // point estimate is added to IF eval

svy: mean rif

(Silly) example with the mean:
svyset [pw=W] , ...

su y [aw=W]

gen rifmean = r(mean) + (y - r(mean))

svy: mean rifmean

svy: mean y



Influence functions at work
Variance estimation

Variance estimation
svyset as usual
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Variance estimation
Built in some user-written commands
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Variance estimation
Built in some user-written commands



Influence functions at work
RIF regression

Practical use 3

Practical use 3:

I ‘Recentered IF regression’ (Firpo et al., 2007, 2009)
I evaluate impact of covariates on statistics of interest
I or what covariates are associated with large ‘influence’?
I ‘unconditional’ (as in Firpo et al.’s ‘Unconditional quantile

regressions’)
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RIF regression
The effect of interest

For example, how do foreign households affect υ(F )?

F (y) =
∑

x∈ΩX

sx Fx (y)

Consider an infinitesimal variation: swap native for foreign workers

GF ,t,k
r (y) = (sk + t)Fk(y) + (sr − t)Fr (y) +

∑
x∈ΩX\{k,r}

sx Fx (y).

(Choe and Van Kerm, 2014)
What is the impact of this swap on the statistic of interest?
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RIF regression

Methods (ctd.)
Recentered influence function estimator

Firpo et al. (2009) show that effect of interest is given by:

E[RIF(y ; υ,F )|X = k]− E[RIF(y ; υ,F )|X = r ]

where RIF(y ; υ,F ) = υ(F ) + IF(y ; υ,F )

Regression-based estimator, β in :

E[RIF(y ; υ,F )|X = x ] = α + xβ

(Note: N. Fortin provides the Stata package rifreg for regressions on quantile,

variance and Gini functionals

(http://faculty.arts.ubc.ca/nfortin/datahead.html).)
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RIF regression

Interpretation of RIF regression coefficients

I The RIF at y gives the influence on υ(F ) of an infinitesimal increase
in the density of the data at y

I Regression coefficients reveal how much the average influence of
observations vary with X (holding other covariates constant)

I It also reveals how much υ(F ) would respond to a change in the
distribution of X in the population holding distribution of other
covariates constant

I linear approximation valid only for marginal changes in X !
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RIF regression

Illustrative example 1
Effect of foreign households on inequality and poverty?

I Panel Study Liewen zu Letzebuerg 2011 (official source for poverty
and inequality statistics in Luxembourg)

I Effect of a marginal increase in share of foreign-headed households
on ‘social indicators’

I Assuming no change in income structure otherwise...
I ... but conditioning on age of foreign households
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RIF regression

Illustrative example
Code

svy: inequaly nivie , atkinson(0.5 1 2)

predict rif* , rif // predict after -inequaly- gives (R)IF

svy: regress rif1 i.(chme11)

svy: regress rif2 i.(chme11)

svy: regress rif3 i.(chme11)

svy: inequaly nivie , s80s20

predict rifs80s20 , rif

svy: regress rifs80s20 i.(chme11) i.(chme09)

svy: newpoverty nivie , fracmedian(.6)

predict rifh , rif

svy: regress rifh ib9.(rot)
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RIF regression

Results: Atkinson(0.5)
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Results: Atkinson(0.5)
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RIF regression

Results: QSR
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Results: Poverty rate
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Results: Poverty rate (fixed poverty line)
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