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What splines are, and their uses.
e Including splines in generalized linear models

e Choosing a basis: plus-functions, Schoenberg B-splines, and reference splines

The programs bspline and frencurv

e A demonstration (using the auto data)
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What splines are

A kth-degree spline is a function from the z-axis to the y-axis, defined using an ascending
sequence of knots sp < 51 < ... < s, on the z-axis.

(Typically, the sequence of knots is assumed to be part of an extended sequence of form
0851 <80 < ... <8< Sg+1 ... extending outwards to +o0.)

e In each interval s; < x < s;41 between two successive knots, the spline is equal to a kth
degree polynomial.

o At each knot s;, the first £ — 1 derivatives of the spline are continuous.

Therefore, a spline of degree 0 is a step function, a spline of degree 1 is linearly interpolated
between the knots, and splines of degree 2, 3 and higher are interpolated as curves.
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Typical uses of splines

e Splines are used mostly for adjusting for “uninteresting” trends while measuring “interesting”
trends.

e For instance, we once observed 297 asthmatic patients for the 821 days from 1 April 1997
to 30 June 1999, and recorded whether or not each patient visited a doctor on each day on
account of respiratory problems. We also measured pollution levels on each day.

e We measured the effects of pollution using a logit model, including a cubic spline (with one
knot per quarter year) to model seasonal and longer-term trends, and odds ratios for days of
the week and for elevated pollution levels.

e The spline therefore represents the log odds of a visit expected on each date, if that date had
been a Monday with a low pollution level (“uninteresting epidemics”).

e The odds ratios represent the weekly cycle of visit rates, and also the elevated visit rates
arising from pollution (“interesting epidemics”).
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Inverse logit-transformed spline representing expected Monday visit rates

e The outcome variable is the event
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Including a spline in a generalized linear model

e In a generalized linear model, the conditional mean (or its link function) is equal to the spline
plus a sum of “more interesting” terms.

e The spline itself is represented as a linear combination of a set of elementary splines, known
as a basis.

e The basis of splines is included in the columns of the design matrix as predictor variates. The
corresponding fitted parameters define the fitted spline.

e Unfortunately, most bases of splines give rise to parameters not easily explained in words to
non-mathematicians.

e The standard solution to this problem is to pretend that these parameters do not exist. (This
is sometimes done by using jargon such as “non-parametric regression”.)
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Plus-functions

e The kth degree plus-function originating at a knot s is defined as

k
r—s)¥, x>8,
P = {5 12

e Given an infinite sequence of knots ... sg, s1, S, . .., any kth degree spline based on these knots
is a linear combination of the kth degree plus-functions originating at the knots.

e The values of a kth degree spline in the interval s; < x < s;41 between two successive knots
depend only on plus-functions originating at s; and at the k knots immediately to the left.
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Constant, linear, quadratic and cubic plus-functions originating at zero

e The constant plus-function is a

step function, whereas the others ¢ 2 _ 2
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(Not easy to explain!)
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The Schoenberg B-spline basis

e In the 1960s, I. J. Schoenberg introduced the B-spline basis to solve the instability problems
associated with plus-functions.

e Each kth degree B-spline is positive in an interval bounded by k£ + 2 successive knots
Sp < Spa1 < ... < Spiki1, and zero elsewhere. It is defined in terms of the plus-functions
originating at these k£ + 2 successive knots.

o Therefore, the values of a kth degree spline in the interval s; < = < s;41 between two
successive knots depend only on k + 1 successive local B-splines. These originate at s; and at
the k knots immediately to the left, and terminate at s;;; and at the k knots immediately to
the right.






